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We report dynamical quantum phase transition portrait in the alternating field transverse XY spin chain with
Dzyaloshinskii-Moriya interaction by investigating singularities in the Loschmidt echo and the corresponding
rate function after a sudden quench of system parameters. Unlike the Ising model, the analysis of Loschmidt
echo, analytically, yields non-uniformly spaced transition times in this model. Comparative study between the
equilibrium and the dynamical quantum phase transitions in this case reveals that there are quenches where
one occurs without the other, and the regimes where they co-exist. However, such transitions happen only when
quenching is performed across at least a single gapless or critical line. Contrary to equilibrium phase transitions,
bipartite entanglement measures do not turn out to be useful for the detection while multipartite entanglement
emerges as a good identifier of this transition when the quench is done from a disordered phase of this model.
I. INTRODUCTION
Quantum many body systems can undergo phase transition
due to a variation in the system parameters at temperatures
very close to absolute zero – entirely driven by quantum fluc-
tuations [1]. Typically quantum critical points (QCPs) are
identified by a vanishing energy gap and divergence in char-
acteristic correlation lengths, thereby leading to singularities
in physical quantities [2, 3]. For example, in recent years,
bipartite as well as multipartite entanglement [4] have been
proposed to be detectors of quantum phase transitions [5–7].
On the other hand, traditional or classical phase transitions
(CPTs) are qualitatively different from quantum ones since
the former is induced by thermal fluctuations.
Recent studies have shown that along with those in the
equilibrium scenarios, quantum systems can also change their
characteristics drastically by developing non-analyticities
with time during their time evolution, such a phenomenon
was named as dynamical quantum phase transition (DQPT),
and is observed during the transient regime of evolution [8–
11]. Specifically, the probability of a certain distance function
between the initial and the final time-evolved states, known
as Loschmidt echo [12], shows singularities with time, when
the system lying initially in a particular phase of the underly-
ing system, is typically quenched to a different phase. Exten-
sive DQPT studies have been performed in one-dimensional
quantum spin models like XY [13–21] and XXZ [22] models
under different types of quenches [23], and several counter-
intuitive results have been reported regarding the relation be-
tween the equilibrium quantum phase transition (EQPT) and
DQPT [19, 24]. More importantly, DQPTs have been exper-
imentally observed in trapped ions [25] where systems have
been quenched from the ferromagnetic to the paramagnetic
phase of the transverse field Ising model, while in another ex-
periment, fermionic systems in a hexagonal lattice undergo a
topological DQPT [26] (see also [27]). It is as yet not clear
whether entanglement can be a useful and dependable physi-
cal quantity for detecting DQPTs. Some initial results in this
direction indicate that vanishing Schmidt gap can be related to
the zeroes of the Loschmidt echo [28] at critical times of the
DQPT in the transverse field Ising spin chain. Apart from the
fundamental importance of such studies, with entanglement,
it may have important implications in the design of quantum
technologies like one-way and topological quantum comput-
ers and quantum simulators [29–34].
Towards finding the critical times, analytically, under gen-
eral quenches and seeking the role of entanglement in DQPT,
we consider here a uniform and alternating transverse field
XY spin chain (ATXY) in presence of an additional antisym-
metric interaction, the Dzyaloshinskii-Moriya (DM) interac-
tion [35–68]. In equilibrium, the model displays several exotic
phases which are not present in the XY spin chain, thereby,
raising the possibility of having counter-intuitive observations
in DQPTs in the generalized models. Since, analytical results
for most general quenches such as a spin chain with an alter-
nating transverse field, to our knowledge, have not yet been
investigated in literature, we first find an analytical expression
of Loschmidt echo for generalized quenches of the system pa-
rameters viz. the uniform field, the alternating field, and the
DM interaction strength. We perform the analyses both for
quenches within and across equilibrium phases, looking for
criticalities in its time evolution as a way to establish a relation
between EQPTs and DQPTs. We find that for quenches which
involve both the uniform and alternating fields, there occur
non-integer spaced critical times, in contrast to the uniformly
spaced criticalities obtained for quenches involving only one
of the two fields (the other being set to zero). Moreover, we
find that DQPTs can occur even when quenching is done into
the same phase [24]. Although, we notice that for DQPT
to occur, there exists atleast a single gapless or critical line
between initial and final variation in the system parameters.
On top of that, there exist situations where even though the
quench corresponds to a different equilibrium phase, DQPT
does not occur [19].
Systematic studies reveal that if the initial state belongs to
a disordered phase, multipartite entanglement can identify the
presence of DQPT more efficiently, as compared to bipartite
entanglement, except at the boundaries. Specifically, we ob-
serve that the time-averaged standard deviation of a geomet-
ric measure of multipartite entanglement [69] (see also [70–
73]) detects the regions (in the system parameter space) cor-
responding to DQPT. These regions, obtained via analysis of
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2multipartite entanglement, show a large overlap with those de-
tected through singularities in the Loschmidt echo.
The paper is organized as follows. We define and dis-
cuss the equilibrium phase diagram of the alternating field
XY model with DM interaction (DATXY) model in Sec. II.
The analysis of DQPT using Loschmidt amplitude is carried
out in Sec. III. An analytical closed form expression of the
rate function in the DATXY model is presented in Sec. III A.
The non-analyticities of the rate function is analyzed in Sec.
III B with the non-uniformly spaced critical times being com-
puted in Sec. III B 1. The connection between dynamical and
equilibrium quantum phase transitions are discussed in Sec.
III B 2. The detection of DQPT via entanglement is carried
out in Sec. IV, specifically with bipartite entanglement in Sec.
IV A and with multipartite entanglement in Sec. IV B. Finally,
a conclusion is presented in Sec. V.
II. TRANSVERSE XY MODELWITH ALTERNATING
FIELD AND ANTI-SYMMETRIC INTERACTION
We consider a paradigmatic family of interacting quan-
tum spin-1/2 systems on a one-dimensional (1D) lattice with
nearest-neighbor anisotropic XY interaction as well as asym-
metric Dzyaloshinskii-Moriya (DM) interaction in presence
of uniform and alternating external transverse magnetic fields.
The model is described by the Hamiltonian [35],
Hˆ =
1
2
N∑
j=1
[
J
(1 + γ
2
σˆxj σˆ
x
j+1 +
1− γ
2
σˆyj σˆ
y
j+1
)
+
D
2
(
σˆxj σˆ
y
j+1 − σˆyj σˆxj+1
)
+
(
h1 + (−1)jh2
)
σˆzj
]
, (1)
with periodic boundary condition, i.e σˆN+1 = σˆ1. Here,
σˆα, α = x, y, z are the Pauli matrices, J and D represent
the strengths of nearest-neighbor exchange interaction and the
DM interaction respectively, γ ( 6= 0) is the anisotropy pa-
rameter in the x − y direction, h1 and h2 are the uniform
and alternating transverse magnetic fields respectively, and
N denotes the total number of lattice-sites. We refer to this
model as the DATXY model. The above Hamiltonian can
be mapped to a spinless 1D Fermi system with two sublat-
tices (for even and odd sites) via the Jordan-Wigner transfor-
mation [35, 74]. Further, performing Fourier transformation,
the Hamiltonian can be block-diagonalized in the momentum
space, as Hˆ =
∑N/4
p=1 Hˆp, with
Hˆp = J
[
(cosφp + d sinφp)(a
†
pbp + b
†
pap)
+ (cosφp − d sinφp)(a†−pb−p + b†−pa−p)
− iγ sinφp(a†pb−p + apb−p − a†−pb†p − a−pbp)
+ (λ1 + λ2)(b
†
pbp + b
†
−pb−p)
+ (λ1 − λ2)(b†pbp + b†−pb−p)− 2λ1
]
, (2)
where λi = hi/J with i = 1, 2 and d = D/J are the di-
mensionless system parameters, φp = 2pip/N , and aˆp (bˆp)
correspond to the fermionic operators for odd (even) sublat-
tices. Therefore, diagonalization of Hˆ , required to study its
characteristics, reduces in diagonalizing Hˆp for different mo-
mentum sectors, which can be done by proper choice of the
basis [35, 74].
It is noteworthy to mention that several well-known quan-
tum spin models in different parameter regimes can be ob-
tained from the DATXY model, such as
1. transverse field Ising (TFI) model for γ = 1, λ2 = d =
0,
2. quantum XY model with uniform magnetic field (UXY)
for λ2 = d = 0,
3. quantum XY model with uniform and alternating mag-
netic fields (ATXY) [3, 74–77] for d = 0, and
4. quantum XY model with uniform magnetic field in
presence of DM interaction (DUXY) for λ2 = 0.
We choose the DATXY model for demonstration, as this
model possesses a very rich phase diagram at zero tempera-
ture (see Fig. 1), with two paramagnetic phases (PM-I and
PM-II), one antiferromagnetic phase (AFM), and one gapless
chiral phase (CH). Moreover, we notice that by fixing differ-
ent parameters suitably it can be reduced to any of the above
four models. The equilibrium quantum phase transitions be-
tween these different phases occur across the following sur-
faces [35]:
• For 0 ≤ d < γ,
1. λ21 = 1 + λ
2
2 (PM-I↔ AFM)
2. λ22 = λ
2
1 + γ
2 − d2 (PM-II↔ AFM)
• For d > γ,
1. λ21 = 1 + λ
2
2 + d
2 − γ2 (PM-I↔ CH)
2. λ1 = ±λ2 (PM-II↔ CH).
Note that, in the thermodynamic limit, the AFM phase of the
spin Hamiltonian given in Eq. (1) has two-fold degeneracy
whereas, in the fermionic version of the model (i.e., Eq. (2)),
the ground state in that phase is unique. The AFM phase ap-
pears for d < γ, whereas for d > γ we get the CH phase. The
gapless CH phase, in addition of having a continuous spectra,
has three-fold degenerate ground state.
III. DYNAMICAL QUANTUM PHASE TRANSITIONS IN
DATXY MODEL
Let us now set the statge for the investigation of dynamical
quantum phase transitions (DQPT) in the DATXY model. In
this paper, we consider the dynamics in the DATXY model,
governed by a sudden quench of its parameters at time t = 0.
Specifically, at t = 0, we prepare the system as a ground state
of a Hamiltonian, Hˆ(0) = Hˆ(g0), with initial parameter val-
ues, g0 ≡ {λ1(t = 0), λ2(t = 0), d(t = 0)}, and then at
t > 0, we suddenly quench the system parameters to new
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FIG. 1. (Color online.) Phase diagrams of the DATXY model in different parameter-spaces. Here, we choose γ = 0.8. Unless otherwise
stated, we will use γ = 0.8 throughout the paper for demonstration purpose. All quantities plotted are dimensionless.
values, g1 ≡ {λ1(t > 0), λ2(t > 0), d(t > 0)}, such that
the new Hamiltonian becomes Hˆ(1) = Hˆ(g1), according to
which the system evolves with time. Note that, unless other-
wise stated, we will not change the anisotropy parameter, γ,
in the quenching process.
A. Loschmidt amplitude, Loschmidt echo
Analogous to the role of canonical partition function in tem-
perature driven phase transitions, the Loschmidt amplitude is
shown to play an important role in DQPTs [13, 14], and is
defined as the overlap of the time evolved state of a system
with its initial state. If the initial state, |Ψ0〉, is prepared as the
ground state of the initial Hamiltonian, Hˆ(0), and the Hamil-
tonian after the quench is Hˆ(1), then the Loschmidt amplitude
is defined as
G(t) = 〈Ψ0| e−iHˆ(1)t/~ |Ψ0〉 . (3)
For quenching in the parameter-space of the DATXY model,
using Eq. (2), the above expression can be decomposed as
G(t) =
N/4∏
p=1
〈Ψ0p| e−iHˆ
(1)
p t/~ |Ψ0p〉 =
N/4∏
p=1
Gp(t), (4)
where |Ψ0p〉 is the eigenstate of Hˆ(0)p corresponding to the
lowest eigenvalue, and in the last expression, we have de-
fined Loschmidt amplitude per momentum mode as Gp(t) =
〈Ψ0p| e−iHˆ
(1)
p t/~ |Ψ0p〉. The Loschmidt echo, L(t), is then de-
scribed by the probability associated with this amplitude, i.e.,
L(t) = |G(t)|2. The rate function associated withL(t), which
is analogous to the free energy (per lattice-site) in thermal
phase transitions, can be defined as
F(t) = − lim
N→∞
1
N
logL(t)
= − lim
N→∞
1
N
N/4∑
p=1
log |Gp(t)|2. (5)
Similar to the thermal phase transition, where transition is dic-
tated by the nonanalytic behavior of the associated free energy
with respect to the temperature, the DQPT can be detected by
the nonanalyticity of the rate function as a function of time at
some critical time t∗.
To deduce the analytical expressions of the Loschmidt am-
plitude and the rate function for a general quench from g0 ≡
{h1(t = 0), h2(t = 0), d(t = 0)} to g1 ≡ {h1(t > 0), h2(t >
0), d(t > 0)}, we introduce the fermionic vector operator
Aˆp =
[
aˆp
bˆp
]
, such that we can write Hˆp as follows:
Hˆp = J
[
Aˆ†Tp Aˆ
T
−p
]
H˜p
[
Aˆp
Aˆ†−p
]
, (6)
with
H˜p =
[
(cosφp + d sinφp)σˆ
x + Λ −iγ sinφpσˆx
iγ sinφpσˆ
x −(cosφp − d sinφp)σˆx − Λ
]
,
(7)
where Λ = Diag{λ1 − λ2, λ1 + λ2}. To diagonalize H˜p in
Eq. (7), we can perform the Bogoliubov transformation,[
Aˆp
Aˆ†−p
]
= Mp
[
Γˆp
Γˆ†−p
]
=
[
Up −iVp
−iV ∗p U∗p
] [
Γˆp
Γˆ†−p
]
, (8)
4with Γˆp =
[
ηˆap
ηˆbp
]
, such that Hˆp is diagonal in the Bogoluibov
basis, {ηˆap†, ηˆbp†, ηˆa−p, ηˆb−p}. The fermionic algebra of aˆp, bˆp,
ηˆap , and ηˆ
b
p operators guarantee that the Bogoluibov matrix,
Mp, is unitary in nature, i.e., M−1p = M
†
p .
In order to calculate 〈Ψ0| e−iH(1)t/~ |Ψ0〉, we need to ex-
press |Ψ0〉 in terms of Bogoluibov operators, {Γˆp(g1)}, that
diagonalize Hˆ(1). If the operators, {Γˆp(g0)}, diagonalize the
initial Hamiltonian, Hˆ(0), using Eq. (8), we arrive at the fol-
lowing relation:[
Γˆp(g0)
Γˆ†−p(g0)
]
= M−1p (g0)Mp(g1)
[
Γˆp(g1)
Γˆ†−p(g1)
]
,
=
[ Up(g0, g1) −iVp(g0, g1)
−iV∗p (g0, g1) U∗p (g0, g1)
] [
Γˆp(g1)
Γˆ†−p(g1)
]
, (9)
with
Up(g0, g1) = U†p(g0)Up(g1) + V Tp (g0)V ∗p (g1),
Vp(g0, g1) = U†p(g0)Vp(g1)− V Tp (g0)U∗p (g1). (10)
Calculation of Up and Vp matrices entirely depend on the di-
agonalization of the 4 × 4 matrices, H˜p(g0) and H˜p(g1), in
Eq. (7). Once the matrices, Up and Vp, are obtained, we can
write the initial state |Ψ0〉 as a boundary state composed of
zero-momentum modes of Hˆ(1), which is given by
|Ψ0〉 = N−1 exp
[
i
N/4∑
p=1
Γˆ†Tp (U−1p Vp)Γˆ†−p)
]
|0〉 , (11)
where |0〉 is the ground state of Hˆ(1), N is the normalization
constant, and T denotes the transpose of the corresponding
operators. If we now assume that operators {Γˆp(g1)} can di-
agonalize the Hamiltonian, Hˆ(1), in the way, given by
Hˆ(1)p = J
[
Γˆ†Tp (g1) Γˆ
T
−p(g1)
] 
~ω1p 0 0 0
0 ~ω2p 0 0
0 0 ~ω3p 0
0 0 0 ~ω4p
[ Γˆp(g1)Γˆ†−p(g1)
]
,
(12)
with ~ωkp , for k = 1, 2, 3, 4, being the eigenvalues, then the
Loschmidt amplitude, G(t) = 〈Ψ0| e−iHˆ(1)t/~ |Ψ0〉, reads as
G(t) =
ei
Jt
~
∑N/4
p=1(ω
3
p+ω
4
p)
N 2 〈0| exp
[N/4∑
p=1
ΓˆT−p(g1)MpΓˆp(g1)
]
× exp [N/4∑
p=1
Γˆ†Tp (g1)NpΓˆ
†
−p(g1)
] |0〉 , (13)
where
Mp =
[−iT p∗11 −iT p∗21
−iT p∗12 −iT p∗22
]
,
Np =
[
ie−i
Jt
~ (ω
1
p−ω3p)T p11 ie−i
Jt
~ (ω
1
p−ω4p)T p12
ie−i
Jt
~ (ω
2
p−ω3p)T p21 ie−i
Jt
~ (ω
2
p−ω4pT p22
]
, (14)
with T pij = (U−1p Vp)ij . Using Eqs. (13) and (14), and the pre-
scription developed in [78], we get the Loschmidt amplitude
per momentum mode for the DATXY model as
Gp(t)= e
i Jt~ (ω
3
p+ω
4
p)
× 1+e
−i Jt~ (ω
1
p−ω3p)|T p11|2+e−i
Jt
~ (ω
2
p−ω4p)|T p22|2+e−i
Jt
~ (ω
1
p−ω4p)|T p12|2+e−i
Jt
~ (ω
2
p−ω3p)|T p21|2+e−i
Jt
~ (ω
1
k+ω
2
k−ω
3
k−ω
4
k)|T p11T p22−T p12T p21|2
1+|T p11|2+|T p22|2+|T p12|2+|T p21|2+|T p11T p22−T p12T p21|2 ,
(15)
such that G(t) =
∏N/4
p=1 Gp(t). Finally, we get the rate func-
tion associated with the quench from parameters g0 to g1, in
the thermodynamic limit, as
F(t) = −
∫ pi
2
0
dφp
pi
log |Gp(t)|. (16)
Note 1: In case of quenching onto any phases of the ATXY
model (i.e., for d (t > 0) = 0), one can easily see that ω3p =
−ω1p and ω4p = −ω2p, which simplify the form of Gp(t) in Eq.
(15).
Note 2: The above treatment of Loschmidt amplitude and
Loschmidt echo holds for non-degenerate initial ground state
|Ψ0〉. In case, the initial Hamiltonian, Hˆ(0) = Hˆ(g0), has de-
generate ground states, their definitions have to be generalized
(see Refs. [13–17]). To keep things simple, we will work with
the fermionic version of the model, which is free from dege-
naracy in the AFM phase, and will not consider CH phase as
the initial one since, the above analysis has to be modified in
that situation. However, the final parameters of the quench in
the (λ1, λ2, d) space, can belong to any phase.
B. Nonanalyticity of the rate function
Let us analyze the rate function given in Eq. (16) for de-
tecting DQPTs in the DATXY model for quenches across dif-
ferent points in the parameter space of the Hamiltonian.
Clearly, nonanalyticity arises in F(t) (Eq. 16), if we can
5find real solutions (φ∗p, t
∗) of the transcendental equation
|Gp(t)| = 0, (17)
which describes a DQPT with critical time t∗. As men-
tioned before, the matrix, T , and the eigenvalues, {ωkp ; k =
1, 2, 3, 4}, can be computed easily by diagonalizing 4×4 ma-
trices, H˜p(g0) and H˜p(g1), which, in turn, allows us to obtain
Gp(t), and thus the rate function, F(t).
For quenches in the the UXY model (i.e., λ2 = d = 0), if
the parameters of the model is changed from the PM-I phase
to the AFM phase, or vice-versa (i.e., across λ2 = 0 line in
Fig. 1(a)), one can get that T12 = T21 = 0. So, the expression
for Gp(t) simplifies to the form, given by
Gp(t) = e
−i Jt~ (ω1p+ω2p) (1+e
−2i Jt~ ω
1
p |T p11|2)(1+e−2i
Jt
~ ω
2
p |T p22|2)
(1+|T p11|2)(1+|T p22|2) .
(18)
The solutions of |Gp(t)| = 0, lead to critical times, t∗ as
t∗ =
~pi
Jω1p∗
(n+
1
2
), n = 1, 2, 3, ..., (19)
which matches with the known results of [13] for the TFI
model. Note that the equation corresponding to ω2p does not
give any critical point. In case of λ1 = d = 0, i.e., for quench-
ing along the λ1 = 0 line in Fig. 1(a), we get similar expres-
sions for t∗.
1. Non-uniformly spaced critical times
The DATXY model has a much richer phase diagram, as in-
dicated by Fig. 1, compared to the UXY model, and hence we
can anticipate some new features related to DQPTs, especially
given the transcendental nature of Eq. (17). For example, in
general, the critical times t∗ are no longer uniformly spaced
in the time-axis, which was the case for UXY or TFI model
(Eq. (19)) [13]. For a general quench in the parameter-space
of the DATXY model, the solutions of Eq. (17) are highly
non-linear, unlike the previous UXY-scenario. In Fig. 2, we
plot the rate function, F(t) with t/t∗1, where t∗1 is the first crit-
ical time, for quenches from the PM-I phase to AFM, PM-II,
and CH phases respectively, such that all the quenches are per-
formed across corresponding EQPT lines. Clearly, the critical
times, t∗, are non-uniformly spaced across the time axis, as
highlighted by normalizing the time axis to t/t∗1.
2. Connection between DQPT and EQPT
For TFI model in 1D, it was found that DQPT are closely
related to the EQPT [13, 14], which can be identified from the
nonanalytic nature of the rate function being only observed
for a quench across the EQPT line. However, later on, it was
found that such relation no longer holds in the UXY model
[19], as DQPT may occur for quenches in the same phase, or
it may be absent for certain quenches into a different phase.
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FIG. 2. (Color online.) Rate function, F(t) vs. t/t∗1. The dy-
namics occurs due to quenches from the point g0 = {1.5, 0, 0},
which lies in the PM-I phase, to three different points, namely (1)
g1 = {0, 0.2, 0} (AFM phase), (2) g1 = {−0.5, 1.5, 0} (PM-II
phase), and (3) g1 = {0.4, 0.2, 1} (CH phase), in the parameter-
space of the DATXY model. All the quenches are across EQPT lines.
Clearly, in all the three cases,F(t) becomes nonanalytic for different
critical times, t∗. Here, we have normalized the time-axis by the first
critical time t∗1 in all the three cases to highlight the fact that in the
DATXY model, the critical times are not uniformly spaced with each
other. All quantities plotted are dimensionless.
In case of DATXY model, the situation is much more compli-
cated. Below, we summarize our observations regarding the
connections between DQPT and EQPT.
1. For d < γ, and quantum quenches from AFM phase to
one of the PM phases, or vice-versa, DQPT has one-to-
one correspondence with EQPT, i.e., DQPT can be ob-
served if and only if quenching is performed into a dif-
ferent equilibrium phase (see Figs. 3 (a), (d)-(f)). How-
ever, if the anisotropy parameter, γ, is also quenched in
the process, such connection no longer holds (see Ref.
[19]).
2. The PM phases of DATXY model are connected by lo-
cal transformations [75]. Therefore, one can expect that
quenching between these two phases may not result to
a DQPT. But our analysis shows that depending on the
initial and final points in the parameter space of the
DATXY model, a DQPT may, indeed, exist in case of
quenching between these two PM phases (see Fig. 3(a)-
(c), (f)). However, quenching between these phases not
necessarily guarantees a DQPT. It is noteworthy to men-
tion that PM-I and PM-II phases do not share a critical
boundary, but separated by either AFM or CH phase
(see Fig. 1).
3. For d > 0, a quench from a point in PM-II to another
point in PM-II with different signs in λ2 may result into
a DQPT (Fig. 3(c)). Although such quenches are per-
formed into the same phase, another quantum phase
(AFM or CH), and thus one or more gapless critical
lines/regions have to be crossed in the quenching pro-
cess, as the signs of initial and final λ2 are different.
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FIG. 3. (Color online.) DQPT regions in the parameter-space of the DATXY model for the quenches from the points marked by “×”. When
a quantum quench is performed from a point, marked by the symbol “×”, to any other point on the parameter space, only the shaded region
shows nonanalyticity in the rate function given in Eq. (16). In case of (a) the phase boundaries of Fig. 1(a) is taken, while for (b)-(c) and
(d)-(f), the boundaries of Figs. 1(c) and Fig. 1(e) are chosen respectively. All the axes are dimensionless.
Note that this feature is special only to the PM-II phase,
and can not be observed in any other phases for a fixed
value of the anisotropy parameter, γ. Such observation
is akin to the quench of γ as seen in Ref. [19].
4. For λ2 = 0 and fixed λ1, quenching into the CH phase
from the AFM phase by increasing d in the quantum
quench does not result into a DQPT, as, in that case,
the initial Hamiltonian, Hˆ(λ1, 0, d(< γ)), and the final
Hamiltonian, Hˆ(λ1, 0, d(> γ)), commutes with each
other. However, with λ2 6= 0, a DQPT from the AFM
to CH phase is possible, provided the quenching is done
sufficiently deep into the CH phase (Fig. 3(d)).
5. Similar to the quenching from the AFM to the CH
phase, we report DQPT for certain situations when
quenching have been performed from the PM-I or PM-
II phase to well inside the CH phase (see Figs. 3(b), (c),
(e) and (f)).
From the above observations, it is clear that, except for certain
situations, there is no one-to-one connection between DQPT
and EQPT phases in the DATXY model. However, all the ob-
servations reported here indicate that the non analyticity of the
rate function implies quench accross atleast a single critical
line.
In the next section, we would analyze DQPT from an in-
formation theoretic point of view involving both bipartite
and multipartite entanglement, and compare it with the usual
Loschmidt echo-based approach.
IV. CAN ENTANGLEMENT BE A POTENTIAL
DETECTOR OF DQPT ?
In the case of equilibrium quantum phase transitions
(EQPTs), entanglement, both bipartite as well as multipar-
tite ones, emerged as efficient detectors [79]. It was shown
that even in some models, EQPT could be detected by
entanglement-based quantities where the traditional detection
methods fail. For example, it was reported in [80] that for the
spin-1 model proposed by Affleck, Lieb, Kennedy and Tasaki
[81], EQPT was detected by a diverging entanglement-length
in which the usual correlation lengths remain finite. Later,
in other works [82–84], it was found that there exist mod-
els for which multipartite entanglement turns out to be bet-
ter for identifying EQPT compared to bipartite measures. In
a broader sense, it has been realized that nearest neighbour
bipartite entanglement as well as other quantum correlation
measures have the potential to uncover EQPTs that occur due
to a change in system parameters. The question then is –
Can entanglement be a “good” quantity to identify phase tran-
sitions that occur with the variation of time, after a sudden
quench of parameters?
In this paper, we answer this question by analyzing the time
evolution of bipartite and multipartite entanglement for the
DATXY model after a sudden quench. Furthermore, we com-
pare and contrast the DQPT detection capabilities of bipartite
and multipartite entanglement and show multipartite entangle-
ment to be a better identifier of DQPT compared to its bipartite
counterparts.
7A. Bipartite entanglement
In this paper, we quantify bipartite entanglement via
logarithmic-negativity, L. For an arbitrary two party density
matrix, ρAB , negativity (N ) and L are defined as
N (ρAB) = 1
2
(||ρTBAB || − 1) =
1
2
(||ρTAAB || − 1),
L(ρAB) = log2(2N (ρAB) + 1), (20)
where ||A|| = tr
√
A†A and TA(B) in the superscript of ρAB
denotes partial transposition in partyA(B). Note that for 2⊗2
and 2 ⊗ 3 systems, negative partial transposition and hence
non-zero L provides a necessary and sufficient condition for
guaranteeing entanglement [85]. Thus in our case, since all
the two-site reduced density matrices have dimension 2 ⊗ 2,
L is a faithful measure of entanglement.
Our analysis establishes that nearest neighbor entangle-
ment shows some qualitative changes when a quench is per-
formed across a disorder to order transition, i.e. PM-I (II)→
AFM/CH phase. Specifically, in these cases, the dynamics of
L displays a distinctive collapse and revival feature. On the
other hand, if the final parameters of the quench correspond
to a disordered phase which is same as the phase of the ini-
tial state, L does not show any collapse or revival and simply
oscillates with decreasing amplitude, finally reaching a steady
value.
However, note that the above features are only general
trends and there exist several counter-examples to these pat-
terns. Further investigation reveals that the dynamics of L
shows a large overlap with the equilibrium phases and only
has a weak connection with DQPT. Hence, we infer that bi-
partite entanglement is not an efficient detector of DQPT.
B. Advantages of Multipartite Entanglement as a detector of
DQPT
As mentioned earlier, along with bipartite entanglement,
multipartite entanglement can also independently detect
EQPT. In some cases, multipartite entanglement can even out-
perform the bipartite measures of entanglement in the sense
that, for some models, the former can detect EQPT where the
later fails to do so. In this section, we examine the DQPT de-
tection capability of multipartite entanglement. For this inves-
tigation, we choose generalized geometric measure (GGM)
as the measure of multiparty entanglement [69]. For a set
of states which are non-genuinely multipartite entangled, de-
noted by nG, the GGM of a state |ψ〉, is defined by
G(|ψ〉) = 1−max |〈φ|ψ〉|2, |φ〉 ∈ nG, (21)
which, for a N -party pure state, reduces to
G(|ψ〉) = 1−max{µmaxi1:rest, µmaxi1i2:rest, ..., µmaxi1i2....iM :rest|
i1, i2...iM ∈ {1, 2, ...N˜}; ik 6= il; k, l ∈ {1, 2, ...M}},
(22)
where N˜ = N/2 or (N − 1)/2 for even and odd lattice sizes
respectively, and µmax denotes the maximal eigenvalue of the
reduced density matrices with rank equal to the number of
i’s present in the subscript of µ. Therefore, the evaluation of
GGM, G(|ψ〉), boils down to the evaluation of the maximum
of maximal eigenvalues for all reduced density matrices.
FIG. 4. (Color online) Time variation of G after various quenches
within and across equilibrium phases. We observe distinctly high
amount of fluctuations during the transient period of dynamics for
specific regions (corresponding to DQPT, see Fig. 3) of disorder to
order (PM-I to AFM and PM-I to CH), and disorder to disorder (PM-
I to PM-II) quenches, irrespective of the size of quench. Apart from
these, other quenches show relatively lower fluctuations. Both the
axes are dimensionless.
Although, the evaluation of GGM has a clear prescription,
its computation requires finding the maximum eigenvalues of(
N
1
)
+
(
N
2
)
+ ... +
(
N
N/2
) ∼ 2N - number of matrices which
is definitely cumbersome for large N. However, from finite
size analysis of the DATXY model with N = 6, 8, 10 and 12,
we notice that for almost all times (except the initial response
time ∼ 2J~ ), the maximal eigenvalue comes either from the
single or nearest neighbour two-site reduced density matrices.
So, we can argue that even for systems with large number of
parties, the space consisting of the eigenvalues of single and
nearest neighbour two-site reduced density matrices remain
the effective subspace for computing the GGM. Furthermore,
we can exploit the translational invariance of the DATXY
model to simplify the scanning space even for the single and
two-site reduced density matrices to just ρe, ρo, ρeo, ρoe. Here
ρe(o) denotes the single site (reduced) density matrix corre-
sponding to even and odd sites respectively, and ρeo(oe) is the
nearest neighbour two-site density matrices between even-odd
(odd-even) sites. Note that ρeo and ρoe have the same eigen-
values. Thus, in the thermodynamic limit (N → ∞), the
GGM can be effectively computed as
G(|ψ〉) ≈ 1−max{µmaxρe , µmaxρo , µmaxρeo }, (23)
Note that even if in some situations the above argument does
not remain valid, G(|ψ〉) still remains a measure of entan-
glement for multipartite states, providing an upper bound for
GGM. Furthermore, it also remains an LOCC monotone.
We find that, multipartite entanglement, G can capture
DQPT when the quench corresponds to an underlying EQPT
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FIG. 5. (Color Online) Variation of time averaged standard deviation 〈σG(t)〉, for quenches in (λ1, λ2, d)-space with initial choices indicated
by “×” as in Fig. 3. After the quench, we observe the emergence of a specific region in the (λ1, λ2)-space in (a) and (b), and in (λ1, d)-space
in (c), which are distinctly characterized by a high fluctuations, i.e., higher values of 〈σG(t)〉. This region possess a high overlap with that
depicted in Fig. 3(a), (b) and (f), which correspond to DQPTs, obtained by analyzing non-analyticities in the rate function. This substantial
overlap, establishes multipartite entanglement as a good detector of DQPT. All the axes are dimensionless.
involving a disorder to order (PM-I/II→ AFM/CH) or a dis-
order to disorder (PM-I(II) → PM-II(I)) transition and is not
solely dependent on the underlying EQPT as was the case
for bipartite entanglement. In particular for a quench start-
ing from the disordered phase, the dynamics of G displays a
higher amount of oscillations (see Fig. 4) for a quench that
leads to a DQPT compared to other situations. For a quan-
titative treatment of the above observation, we estimate the
amount of fluctuations in the time dynamics of G during the
transient regime, by computing its time averaged standard de-
viation, 〈σG(t)〉, defined as
〈σG(t)〉 = ~
Jτ
∫ Jτ
~
0
σG(t)dt, (24)
where σ2G(t) = (G2(t) − 〈G(t)〉)2. Note that for a reason-
able average, τ should be taken to be large, but, on the other
hand, it should also be small enough so that the system does
not reach to a steady state (τ ≤ τst where τst being the time
when the system enters a steady state), ensuring that the av-
erage is computed in the transient regime. In our case, we
choose τ = 20 (with τst ∼ 50). We analyse the varia-
tion of 〈σG(t)〉 scanning the parameter space (λ1, λ2, d) of the
DATXY model. It is evident from Figs. 5 (a), (b), (c) (com-
pare with Fig. 3 (a), (b), (f) respectively) that the value of
〈σG(t)〉 increases substantially for quenches that correspond
to a DQPT (depending on the initial choice of system parame-
ters) It is stressed once again that this effect is not solely deter-
mined by the underlying EQPTs and is manifestly dependent
on the presence or absence of DQPTs which is confirmed by
a large overlap between the regions of DQPT as detected by
singularities in the rate function and large oscillations in the
dynamics of G (compare Figs. 3 and 5).
To summarize, there exist regions of high 〈σG(t)〉, detect-
ing presence of DQPT, even when the quench parameters
do not correspond to an underlying EQPT. Furthermore, we
know that (via analysis using the rate function), even when
the quench parameters correspond to an underlying EQPT, it
might not necessarily lead to DQPT after the quench. Unlike
bipartite entanglement, genuine multipartite entanglement can
identify the absence of DQPT in these cases as reflected by
comparatively lower values of 〈σG(t)〉. These features estab-
lish multipartite entanglement, G, to be a better detector of
DQPT.
Despite the advantages offered by multipartite entangle-
ment, its DQPT detection capability is not ubiquitous. For
example, if one starts from an ordered phase, the dynamics of
G cannot detect DQPT. Therefore, the time variation of mul-
tipartite entanglement considered here, can indicate the pres-
ence or absence of DQPTs only when the initial state param-
eters corresponds to a disordered phase.
V. CONCLUSION
Dynamics of many body systems reveal qualitative differ-
ences depending on the initial and quenched values of sys-
tem parameters – known as dynamical quantum phase transi-
tion (DQPT). Such transitions, as defined traditionally, pick
out situations where the rate function associated with the
Loschmidt echo displays non-analyticities after a quench of
system parameters. Analysis of DQPT via the rate function
reveals a weak connection between DQPT and the underly-
ing quantum phase transition (EQPT) corresponding to the
quench. Specifically, there exist scenarios where one occurs
without the other, i.e., DQPT without EQPT and vice versa.
However, our analysis strongly suggests that DQPT can only
occur, if some gapless critical line/region is crossed during the
quench [19].
In this work, the analysis of DQPT is carried out for the
XY model in uniform or alternating transverse fields and with
a Dzyaloshinskii-Moriya interaction when a quench is per-
formed either in the magnetic fields or in the strength of DM
interaction. Unlike Ising systems, in this case, we analytically
found non-uniformly spaced critical times (as indicated by ze-
ros of Loschmidt echo) for the quenches which correspond to
a DQPTs. Taking motivations from the EQPT detection capa-
bility of entanglement, we test its prowess in the identification
of DQPT. Our analysis establishes multipartite entanglement
to be a good detector of DQPT in comparison to its bipartite
analogs. Specifically, for our model, fluctuations of multipar-
9tite entanglement in dynamics, efficiently identify DQPT for
quenches starting from a disordered equilibrium phase.
The theory of DQPT, in essence, presents a quantitative
formalism to understand the qualitative differences that oc-
cur during the dynamics of many body systems after quench-
ing of system parameters. Being intrinsically a feature of the
transient regime, the analysis of DQPT is also of practical im-
portance since one does not have to wait until equilibration to
observe the relevant physics. Recent experimental realization
of DQPT in various physical systems further reinforces the
significance of such pragmatic studies.
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